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We show that technique of Dyson equation in wave multiple scattering by spatially disordered
discrete medium statistical theory leads directly to a dielectric permittivity tensor, which is char-
acterized by spatial dispersion and obeys the generalized Lorentz–Lorenz formula. Introduced
via this spatial dispersion an effective magnetic permeability demonstrates the diamagnetic
property in limit of independent strongly reflected non–magnetic small spherical particles in
accordance with earlier intuitive predictions. The revealed physical nature of the effective dia-
magnetic property consists in that electric and magnetic dipoles induced in a particle by wave
scattering give different contribution into the transverse and longitudinal components of the
effective dielectric permittivity. Besides as appeared the diamagnetism under study is enhanced
by appearance of additional effective dielectric displacement current in the medium.
1 Introduction
Effective medium theory or homogenization approach is a powerful way to handle the radiative
properties of composite materials, such as, e.g., cosmic dust, aerosols, porous media, and mi-
crostructured materials or ”metamaterials”. Several interesting potentials of these metamaterials
have been demonstrated and/or suggested, including the realization of media with negative index
of refraction [1, 2] and artificial magnetism from conductors [3, 4, 5]. Even though some fundamen-
tal concepts about the metamaterials such as negative permittivity and negative permeability are
widely accepted and relatively well understood today, the problem to define unambiguously these
parameters by systematic and clear way is not yet totally resolved. For example, the introducing
artificial magnetism by [3, 4, 5] is rather intuitive one. The two variable asymptotic expansion pro-
cedure [6], which makes homogenization of Maxwell’s equations in a periodically composite under
condition that a period tends to zero, is presented as purely mathematic one and does not discuss
the problem of artificial magnetism from non–magnetic conductors. The author [7] has derived
a productive transformed integral equation for the electric field in periodically microstructured
composite, with inhomogeneous term being proportional to electric field averaged over unit cell of
the microstructure and integrating over unit cell in the integral term. This equation was solved
numerically to get the spatially dispersive effective dielectric permittivity tensor and to consider, in
particular, effective magnetic permeability via the spatial dispersion of dielectric permittivity ac-
cording to [8]. In [9], a semi–intuitive approach is constructed to solve analytically the transformed
integral equation [7], with obtaining some generalization of classical Lorentz–Lorenz formula for
local electric field and similar formula for local magnetic field that gave possibility to obtain a
corresponding generalization of the Clausius–Mossotti formulas for the classical ”local” effective
permittivity and permeability.
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So far the approaches were discussed to homogenizing the Maxwell’s equations in a periodically
composites, with averaging over crystal cell. The aim of this paper is to show the systematic and
clear way for effective magnetism with diamagnetic property definition in framework of electromag-
netic wave multiple scattering theory by spatially disordered composites consisted of non–magnetic
particles, each of which is characterized by given dielectric permittivity and conductivity. The wave
multiple scattering theory [10, 11] starts with considering the wave scattering by a single particle
that can be described in terms of particle tensor electric field scattering operator [12]. The prin-
cipal point for our consideration is that this scattering operator is restored from Mie solution [13]
for electromagnetic wave scattering field in all points of spherical particle outside, including near
zone, in part of electric dipole and magnetic dipole scattering, that is with accounting the spheri-
cal harmonics of unit angular momentum. As this takes place, the contribution of electric dipole
scattering into electric field scattering operator in momentum space representation is appeared to
be not dependent on momentums whereas the contribution of magnetic dipole scattering is a bi-
linear function of scattering and incident momentums what is very suitable for effective magnetic
permeability evaluation via effective dielectric permittivity tensor with quadratic spatial disper-
sion [8]. The effective dielectric permittivity tensor is evaluated in our formalism from generalized
Lorentz-Lorenz formula, which is derived by homogenization of stochastic Maxwell’s equations for
electromagnetic field in random medium under consideration with using the technique of Dyson
equation [10, 11] and averaging procedure over statistical ensemble of particles. Our observation
the different contributions of a particle electric and magnetic dipole scattering into the transverse
and longitudinal components of the effective dielectric permittivity is fundamental for appearance
of an artificial effective diamagnetic properties in statistical ensemble of non–magnetic conducting
particles. The authors [14] discuss similar phenomena in contribution of the electric–dipole and the
magnetic–dipole transitions to the dielectric tensor in the framework of molecular light scattering.
In what follows we present the materials of our paper making accent on technique of generalized
Lorentz–Lorenz formula related to statistical ensemble of non–magnetic conductive particles that
can be especially useful at appearance a method [15] of artificial dielectric disordered material
manufacturing with controlled parameters.
2 Homogenization of stochastic Maxwell’s equations
We start with stochastic Maxwell’s equations for monochromatic electromagnetic wave field
rotE = i
ω
c
B, rotB = −i
ω
c
εˆE (1)
in homogeneous background (host) medium with frequency ω, constant dielectric permittivity ε0
and unit magnetic permeability µ = 1, where there are placed randomly particles with given dielec-
tric permittivity ε1, specific conductivity σ1 and unit magnetic permeability. Symbol εˆ(r) denotes
stochastic complex dielectric permittivity of the medium under study, being equal to complex di-
electric permittivity εˆ1 = ε1 + i4πσ1/ω inside a single particle and ε0 outside the particles. The
problem of the random medium effective parameters is resolved by averaging the Eqs.(1) over par-
ticle spatial distribution statistical ensemble, with the averaging denoted as 〈. . . 〉. In particular,
an effective dielectric permittivity of the medium εeff is obtained according to [10, 11, 16, 17] via
a ”decoupling”
〈εˆ(r)Eα(r)〉 =
∫
dr′ εeffαβ (r, r
′) 〈Eβ(r
′)〉 (2)
the averaged product 〈εˆEα〉 of the random medium complex dielectric permittivity and the random
electric field vector Eα(r) with components α = 1, 2, 3. As one can see, effective dielectric per-
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mittivity of the random medium is a tensor operator, with tensor indices being denoted by Greek
subscripts and implied agreement about summing over repeated subscripts. The decoupling (2) is
realized with the aid of the Dyson equation [10, 11], which is obtained via ensemble averaging the
integral equation for stochastic electric field and written in a symbolic operator form as
〈E〉 = E(0) +G(0)M 〈E〉 (3)
In the right hand side of this equation E
(0)
α (r) denotes the incident electromagnetic wave electric
field; the tensor Green function of electric field in the host medium is given by G
(0)
αβ(r) = (δαβ +
▽α▽β /k
2
0) G0(r), with k0 = ε
1/2
0 ω/c being the wave number in the host medium and G0(r) =
exp (ik0r)/(−4πr) a scalar Green function; Mαβ(r, r
′) is the tensor mass operator. The effective
dielectric permittivity and mass operator are connected between them by operator relation, εeff/ε0
= I - M/k20, where I is the identical operator.
3 Lorentz–Lorenz formula
The tensor Green function G(0) of electric field in the host homogeneous medium is strongly singular
in the origin point and decomposed [16, 18, 19] into delta Dirac function term 1/(3k20)I and the
principal part G˜(0). Substituting this singular tensor Green function into Dyson Eq.(3) leads to a
transformed mass operator that is defined by M˜ =
[
I − 1
3k2
0
M
]
−1
M and gives possibility to get for
the effective dielectric permittivity an operator relation
(εeff + 2ε0)
−1 (εeff − ε0) = −
M˜
3k20
≡
4π
3
νeff (4)
which we call a generalized Lorentz–Lorenz formula. The transformed mass operator M˜ is evalu-
ated by applying the Feynman diagrams technique [10, 11] or via equivalent method of asymptotic
expansions [16, 17]. The mass operator asymptotic expansions are obtained from asymptotic ex-
pansions for ensemble averaged 〈T 〉 electric field random scattering operator T of the medium
and the equation 〈T 〉 = M˜ + M˜G˜(0) 〈T 〉. According to definition [12], the scattering operator
Tαβ(r, r
′) satisfies the Lippmann–Schwinger type equation, T = V˜ + V˜ G˜(0)T , where the medium
transformed scattering potential V˜ is equal to sum of single particle transformed potentials V˜1(r)
= -k20 3 [εˆ1(r)− ε0] / [εˆ1(r) + 2ε0], provided that the particles are not overlapped.
4 Generalized and classical Lorentz–Lorenz formula
Making comparison between the obtained Lorentz–Lorenz formula (4) and the classical one [13]
shows that a quantity νeff denoting the (4) right hand side has sense of the medium effective electric
susceptibility per unit volume tensor operator. The ratio νeff/f1, with f1 being the particle number
density, is an electric susceptibility per a scatterer. The left hand side of the generalized Lorentz–
Lorenz formula is really looking like very familiar algebraic construction [13] and in the right
hand side of this one stands the transformed mass operator, which includes all significant items
influencing the dielectric and conducting properties of composites. Besides the frequency effects, i.e.
accounting for intrinsic properties of constituency by their complex dielectric functions, the mass
operator includes geometric effects, caused by resonant behavior of composite due to the shape and
size of particles, as well as cluster effects because of correlations between particles, which can result
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in significant modification of particle scattering properties. The obtained Lorentz–Lorenz formula
includes such known cases as Maxwell–Garnett mixing rule with Clausius–Mossotti formula in the
presence of multiple scattering on small correlated [18] and non–correlated [19] dielectric spheres.
The case of non–correlated dielectric particles is described by transformed mass operator in the
asymptotic form M˜ ≈
∫
d1f1T1 where f1 is related to a particle center r1 and T1 is the single
particle electric field scattering operator with transformed scattering potential V˜1(r− r1).
5 Effective magnetic permeability
If statistical ensemble of particles is homogeneous and isotropic in average, the operators εeff
and M˜ are functions of spatial coordinates differences and can be expanded into Fourier integrals
along spatial harmonics exp(ikr). Corresponding tensor Fourier transformations are defined by
transversal t and longitudinal ℓ with respect to the wave vector k components, as εeff,αβ(k) =
(δαβ − kˆαkˆβ) ε
t
eff(k) + kˆαkˆβ ε
ℓ
eff(k), with kˆ being the unit vector along k. In terms of these
components the Lorentz–Lorenz formula (4) reads
εt,ℓeff(k)− ε0
εt,ℓeff(k) + 2ε0
= −
M˜ t,ℓ(k)
3k20
(5)
Actually, one does see in the left hand side of this formula the transversal and longitudinal effective
dielectric permittivities [8, 14] for a monochromatic plane wave.
The spatial transversal and longitudinal Fourier components of the transformed mass operator
in the right hand side of Eq.(5) take in the case of non–correlated (independent) particles the
form M˜ t,ℓ(k) = f1 T
t,ℓ(k,k). Note, a quantity Tαβ(k,k
′) denotes the electric field tensor scattering
operator of a single particle in spatial Fourier transform (momentum) representation with arbitrary
wave vectors k and k′. After having been restricted on wave vector spherical surface k = k′ =
k0 , the double transversal part of this tensor with respect to directions of both scattering and
incident wave vectors gives the tensor scattering amplitude in far wave zone of the particle [12].
Nevertheless, we have met the tensor scattering operator Tαβ(k,k) for forward scattering direction,
when the both wave vectors are identical and not equal to the wave number in the host medium with
respect to their absolute magnitudes. We made supposition that this value of the tensor scattering
operator is defined by its transversal and longitudinal components T t,ℓ(k,k) that is correct, for
example, in the case of a spherical particle. Following [8] we denote
1−
1
µeff
=
ω2
c2
εteff (k)− ε
ℓ
eff (k)
k2
=
[
M˜ t (k)− M˜ ℓ (k)
]
/k2[
1 + M˜ t (k) /3k20
] [
1 + M˜ ℓ (k) /3k20
] (6)
setting next 4πI(k) = (1 − 1/µeff)〈B(k)〉 and rewriting the ensemble averaged second Maxwell’s
Eq.(1) identically as
ik× (〈B(k)〉 − 4πI(k)) = −
iω
c
εℓeff (k) 〈E(k)〉 (7)
Eq.(6) defines in the limit k→ 0 an effective magnetic permeability µeff , with I(k) being a vector of
effective medium magnetization. In result, Eq.(7) takes a form of the macroscopic Maxwell’s equa-
tion with magnetic flux vector [20], given by 〈H(k)〉 = 〈B(k)〉 - 4πI(k) and dielectric displacement
current defined by longitudinal component of effective dielectric permittivity.
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6 Electric dipole and magnetic dipole scattering
Let us evaluate the effective magnetic permeability defined by (6) in the case of independent spher-
ical particles. Instead to find a solution to the Lippmann–Schwinger equation we will construct
here the single particle scattering operator T1 in approximation of electric dipole and magnetic
dipole scattering. The incident electromagnetic wave induces into the particle the electric dipole
and magnetic dipole moments p = ε0ηE0 and m = χH0 with dielectric and magnetic suscepti-
bilities η and χ, respectively. The Hertz’s vector of electric dipole and magnetic dipole scattering
Π
(el)
α (r) and Π
(mag)
α (r) is given according to [21] by Π
(el)
α (r) = - (4π/ε0)pαG0(r) and Π
(mag)
α (r) = -
(4π/ik0ε
1/2
0 )eαβγmβ∇γG0(r), respectively, where eαβγ is absolute anti-symmetric unit tensor. Bear-
ing in mind the rule to evaluate the electric wave field via the Hertz’ vector and also via the
scattering operator, E = G(0)T1E
(0), one can get the following expressions for scattering operators
of electric dipole and magnetic dipole scattering, respectively, in the form
T
(el)
αβ (r, r
′) = −4πk20 η δ(r)δ(r
′)δαβ ,
T
(mag)
αβ (r, r
′) = −4πχ eαξη eβξγ∇η∇
′
γδ(r)δ(r
′). (8)
The evident expressions of spherical particle electric and magnetic susceptibilities η and χ are
written out by comparison with Mie solution [13] for electromagnetic wave scattering in all points
of particle outside and have in Hulst [22] partial scattering amplitudes the form η = (3i/2k30)a1 and
χ = (3i/2k30)b1. The transversal and longitudinal components of the obtained scattering operators
in momentum representation for forward scattering direction are given by
T (el)t(k,k) = T(el)ℓ(k,k) = −4π η k20;
T (mag)t(k,k) = −4πχk2, T(mag)ℓ(k,k) = 0. (9)
As one see, the electric dipole gives equal contributions into transversal and longitudinal components
of the scattering operator in momentum representation for forward scattering direction but the
magnetic dipole contributes into the transversal component only. As consequence the difference,
M˜ t(k) - M˜ ℓ(k) = - 4πf1χk
2, includes contribution of magnetic dipole scattering only. As result the
Eq.(6) for effective magnetic permeability takes a form
1−
1
µeff
=
4πf1χ
[1− (4π/3)f1η]
2 (10)
7 Effective diamagnetism
The electric and magnetic susceptibilities of spherical particle with radius r0 small compared to
the wavelength in the host medium are given according to [13, 22] by η = r30 and χ = - (1/2)r
3
0,
respectively, in the limit of perfectly reflection because of high dielectric permittivity or conductivity
of the particle. These electric and magnetic susceptibilities of a spherical particle lead to effective
diamagnetism of random medium consisting of such particles due to the Eq.(10). In the limit of
small filling fraction, f1r
3
0 << 1, these equation gives formula µeff ≈ 1 + 4πf1χ, obtained in [3] yet.
The Eq.(10), with ignoring contribution of electric susceptibility in the right hand side denominator,
coincides in the form with a formula [23] for electron diamagnetism effect. The denominator in
the right hand side of the Eq.(10) leads to the diamagnetism enhancement because existence of
effective dielectric permittivity given according to Eq.(5) by (εℓeff − ε0) / (ε
ℓ
eff + 2ε0) = (4π)/3)
f1 η. One can say that diamagnetism is enhanced by appearance of additional effective dielectric
displacement current in the medium.
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8 Conclusion
In this paper the physical nature of diamagnetic property in the effective magnetic permeability at
coherent electromagnetic wave multiple scattering by statistical ensemble of independent perfectly
reflected non–magnetic small spherical particles has been revealed. The diamagnetic physical na-
ture consists in that the electric dipole scattering by a particle gives equal contributions into
transversal and longitudinal components of the effective permittivity whereas the magnetic dipole
scattering contributes into the transversal component only. This observation is made with the aid
of generalized Lerentz–Lorenz formula technique for effective dielectric permittivity with spatial
dispersion.
Acknowledgments
This work was supported in part by Russian Foundation for Basic Research, Grant 09-02-00920-a
and 09-02-12433-OFIM, by the Russian Academy of Sciences projects ”Passive multichannel human
radio- and acousto-thermotomography in near zone” and ”Investigations of new types of photonic
crystals for the development of optoelectronic elements of infocommunicationic nets”.
References
[1] R. A. Shelby, D. R. Smith, S. Schultz, Science, 77, 292 (2001)
[2] D. R. Smith, W. J. Padilla, D. C. Vier, S. C. Nemat-Nasser, S. Schultz, Phys. Rev. Lett., 84,
4184 (2000)
[3] S. A. Schelkunoff, H. T. Friis, Antennas: theory and practice, John Wiley, New York (1952)
[4] M. V. Kostin, V. V. Shevchenko, Proc. Bianisotropics’94, Perigueux, France, 2075 (1999)
[5] J. B. Pendry, A.J. Holden, D.J. Robbins, W. J. Stewart, IEEE Trans. Microwave Theory Tech.,
47, 2075 (1999)
[6] A. Bensoussan, J. L. Lions, G. Papanicolaou, Asymptotic Analyssis for Periodic Structures
(Studies in mathematics and its applications), 5, North-Holland (1978)
[7] M. G. Silveirinha, Phys. Rev. B, 75, 115104 (2007)
[8] L. D. Landau and E. M. Lifshitz, Electrodynamics of Continuous Media, Course of Theoretic
Physics, 8, Elsevier, Oxford/ Butterworth-Heinemann (2004)
[9] M. G. Silveirinha, Phys. Rev. B, 76, 245117 (2007)
[10] U. Frish, Ann. d’Astrophys., 29, 645 (1966)
[11] U. Frish, Ann. d’Astrophys., 30, 565 (1967)
[12] R. G. Newton, Scattering Theory of Waves and Particles, McGraw–Hill, New York (1966)
[13] M. Born, E. Wolf Principles of Optics, Pergamon Press, New York (1964)
[14] V. M. Agranovich, Yu. N. Garstein, Sov. Phys.–Usp., 49, 10 (2006)
6
[15] S. Matitsine, An artificial dielectric material and a method of manufacturing the same, U.S.
Patent No. WO/2009/078807 A1 (2009)
[16] V. M. Finkelberg, JETP, 26, 268 (1968)
[17] Yu.N. Barabanenkov, Sov. Phys.–Usp., 118, 673 (1976)
[18] V. M. Finkelberg, Journal of Technical Physics, 34, 509 (1964)
[19] P. Mallet, C. A. Guerin, A. Sentenac, Phys. Rev. B, 72, 014205 (2005)
[20] J. D. Jackson, Classical Electrodynamics, Wiley, New York (1998)
[21] J.A. Stratton, Electromagnetic Theory, McGraw–Hill, New York (1941)
[22] H.C. van de Hulst, Light Scattering by Small Particles, John Wiley, New York (1957)
[23] I. E. Tamm, Foundations of the Theory of Electricity, Gostekhizdat, Moscow-Leningrad (1946)
7
